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We experimentally demonstrate a nonlinear spectroscopic method that is sensitive to exciton-exciton
interactions in a Frenkel exciton system. Spatial overlap of one-exciton wavefunctions leads to cou-
pling between them, resulting in two-exciton eigenstates that have the character of many single-
exciton pairs. The mixed character of the two-exciton wavefunctions gives rise to a four-wave-mixing
nonlinear frequency generation signal. When only part of the linear excitation spectrum of the com-
plex is excited with three spectrally tailored pulses with separate spatial directions, a frequency-
shifted third-order nonlinear signal emerges in the phase-matched direction. We employ the non-
linear response function formalism to show that the emergence of the signal is mediated by and
carries information about the two-exciton eigenstates of the system. We report experimental results
for nonlinear frequency generation in the Fenna-Matthews-Olson (FMO) photosynthetic pigment-
protein complex. Our theoretical analysis of the signal from FMO confirms that the emergence of
the frequency-shifted signal is due to the interaction of spatially overlapped excitons. In this method,
the signal intensity is directly measured in the frequency domain and does not require scanning of
pulse delays or signal phase retrieval. The wavefunctions of the two-exciton states contain infor-
mation about the spatial overlap of excitons and can be helpful in identifying coupling strengths and
relaxation pathways. We propose this method as a facile experimental means of studying exciton cor-
relations in systems with complicated electronic structures. © 2011 American Institute of Physics.
[doi:10.1063/1.3607236]

I. INTRODUCTION

Most photosynthetic organisms absorb sunlight in their
antenna complexes, which are usually comprised of light ab-
sorbing pigment molecules supported inside a protein matrix.
Understanding the dynamics of light absorption and energy
transfer within these pigment-protein complexes (PPCs) is of
practical importance, especially in the context of the need
for renewable energy resources and artificial light harvesting.
Due to the proximity of the pigments to each other (∼10 Å)
within the protein scaffold, optical transitions of nearby pig-
ments become coupled, giving rise to delocalized excitations
or excitons.1 Recent years have witnessed rapid developments
in applications of nonlinear optical spectroscopic techniques
aimed at elucidating the dynamics of exciton generation and
migration within antenna complexes. Two-dimensional (2D)
electronic spectroscopy2–4 and related nonlinear spectroscopy
techniques have been used to demonstrate electronic cou-
plings between pigments,5 to reveal coherent evolution of the
exciton states in PPCs,6–10 and to elucidate the coupling of
excitons to vibrations.11, 12

When more than one photon of light is absorbed in a
single PPC, more than one exciton is generated. The prox-
imity of these excitons in the PPC and the anharmonic na-

a)Electronic mail: jahan.dawlaty@berkeley.edu.
b)Electronic mail: fleming@cchem.berkeley.edu.

ture of the pigment electronic transitions13 give rise to non-
linear interactions between them. Consequently, the two-
exciton eigenstates of a complex carry information about
the strength of these interactions. Exciton-exciton interac-
tion has been extensively studied in semiconductors 14, 15 and
molecular aggregates.16 Mukamel et al. have developed a
series of theoretical methods towards understanding inter-
actions among Frenkel excitons13, 17 and their spectroscopic
signatures.18 Inclusion of the two-exciton states and exciton-
exciton interactions is indispensable for correct interpreta-
tion of most third-order nonlinear spectroscopy experiments
on PPCs,1, 5, 19 including 2D electronic spectroscopy. Fur-
thermore, two-exciton states may also be relevant for light
harvesting function under intense illumination. Nonlinear in-
teractions between excitons are relevant for artificial light har-
vesting and are discussed in the context of carrier multiplica-
tion and the efficiency of solar cells.20

The Fenna-Mathews-Olson (FMO) complex has been
studied as a prototypical photosynthetic PPC.21, 22 FMO is
found in green sulfur bacteria and functions as an energy
transfer wire between the bacteria’s large antenna system
(chlorosome) and the bacterial reaction center. The FMO pro-
tein forms a barrel-like structure that encompasses seven bac-
teriochlorophyl pigments. Recent studies have shown that an
eighth pigment is relatively loosely bound to the protein.23, 24

Here, we use the previously established FMO model with
seven pigments as we were not sure whether the eighth
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pigment has been retained in our sample. Reference 22 pro-
vides a review of the current state of knowledge on the optical
properties of FMO.

A recent theoretical study18 proposed double quantum
coherence (DQC) 2D spectroscopy for directly studying
exciton-exciton interactions in FMO. A detailed description
of DQC spectroscopy and its application to molecular systems
can be found in Refs. 25–28. In another recent theoretical
work,29 Cho et al. have proposed a three-wave-mixing sum
frequency generation 2D spectroscopy scheme for accessing
the two-exciton states of FMO. The proposed spectroscopy is
second order in nature and is normally expected to vanish for
isotropic samples. It is argued that due to the chiroptical na-
ture of exciton dipole moments, a residual second-order signal
remains, which carries information about the doubly excited
states.

While elegant and insightful, both of the above pro-
posed methods share some restrictions in experimental im-
plementation, such as maintaining strict time ordering be-
tween pulses and accurate phase-retrieval. In particular, with
experimentally achievable pulsewidths, a major portion of
the signal is collected under pulse overlap, where many
unwanted nonlinear optical processes can contaminate the
signal.

Here, we present a new spectroscopic technique that
is suitable for studying the two-exciton states and exciton-
exciton interactions in FMO with some experimental conve-
niences and relative conceptual simplicity. In this scheme,
the bandwidth of the excitation pulses is chosen to be smaller
than the linear absorption band of the photosynthetic com-
plex. We show that when three such excitation pulses interact
with the sample in the well-known box geometry, a coherent
nonlinear signal with a frequency outside the excitation
bandwidth of the laser pulses appears in the phase-matched
direction. Because this frequency-shifted signal appears
outside the excitation bandwidth of the laser, its detection
is relatively straightforward and unimpeded by lower order
scattered light and coherent signals that do not involve the
two-exciton states directly. The signal is directly detected in
the frequency domain; hence, scanning pulse delays and re-
covery of the phase of the signal is not necessary. Theoretical
studies have suggested the use of pulse shaping at amplitude
and phase levels in spectroscopy of molecular aggregates.30

Our method demonstrates the benefit of simple spectral am-
plitude shaping in elucidating the nature of excitonic wave-
functions.

In Sec. II, we review the two-exciton eigenstates of a
Frenkel exciton system. We show that when excitons inter-
act, the two-exciton eigenstates acquire the character of many
single-exciton pairs. In Sec. III, we describe the concept of
nonlinear frequency generation mediated by the two-exciton
states and show that it is made possible by the mixed charac-
ter of the two-exciton states. Our experimental implementa-
tion of nonlinear frequency generation in the photosynthetic
complex FMO is described in Sec. IV, followed by numerical
simulations of the signal in Sec. V. In Sec. VI, we conclude
the paper by suggesting potential applications of this method
in investigating excited states of complicated Frenkel exciton
systems.

II. TWO-EXCITON STATES OF A PHOTOSYNTHETIC
COMPLEX

In this section, we briefly review the formalism for de-
scribing two-exciton states in a multi-pigment system. Then,
we show that the transition dipole matrix elements between
the one- and two-exciton states are an indictor of the char-
acter of the two-exciton wavefunctions, arising from exciton-
exciton interactions.

Details on the formalism to describe multi-pigment
Frenkel exciton systems may be found in many references.1, 2

Since the effect that we describe in this work is electronic
in nature, we disregard exciton relaxation through interac-
tions with its vibrational bath. We consider a coupled, multi-
pigment system with N pigments. It is convenient to use the
creation (annihilation) operator a†

m (am) to indicate excitation
(de-excitation) of the m th pigment,

a†
m |0〉 = |m〉, (1)

am |n〉 = δmn|0〉, (2)

where |0〉 is the ground state of the complex. Similarly,
a†

m (am) may be used to excite (de-excite) two-pigment
excitations,

a†
m |n〉 = (1 − δmn)|m, n〉, (3)

am |n′, n〉 = δmn′ |n〉 + δmn|n′〉, (4)

where |m, n〉 represents a state with the m th and nth pigments
in the excited state. Equations (1)–(4) assume that each pig-
ment is a two-level electronic system, which is often con-
cisely expressed through the commutation relation [am, a†

n]
= δmn(1 − 2a†

nan).
The coupled system Hamiltonian can be written as

ĤS =
∑

m

εma†
mam +

m �=n∑
m,n

Jmna†
man, (5)

where εm is the energy of the m th pigment and Jmn is the
coupling energy between the m th and nth pigments. A single-
exciton state |e j 〉 of a photosynthetic antenna may be repre-
sented as a superposition of single pigment excitations:

|e j 〉 =
N∑

m=1

U−1
jm |m〉, (6)

where the coefficients U−1
jm are found from diagonalizing the

coupled pigment Hamiltonian. Larger Jmn and smaller en-
ergy mismatch |εm − εn| between pigments leads to more de-
localized exciton states |e j 〉. Similarly, a two-exciton eigen-
state | fk〉 can be expressed as a superposition of two-pigment
excitations:

| fk〉 =
N−1∑
m=1

N∑
n=m+1

v (k)
mn|m, n〉, (7)

where coefficients v (k)
mn are found from diagonalizing the cou-

pled pigment Hamiltonian for states |m, n〉. Analogous to sin-
gle excitons, Eq. (7) shows that a two-exciton eigenstate is
delocalized over many two-pigment excitations.
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It is important to point out that the two-exciton states | fk〉
in general do not correspond to two independent single exci-
tons |ep, eq〉. While |ep〉 and |eq〉 are eigenstates of the system
when individually present in the complex, their simultaneous
presence does not, in general, lead to an eigenstate. This arises
from the fact that in compact systems such as photosynthetic
PPCs, single excitons often overlap in space (i.e., share pig-
ments). The phase and amplitude of excitation on a shared
pigment required for exciton |ep〉 is often not the same as that
required for exciton |eq〉. Consequently, the state |ep, eq〉 will
break into other exciton pairs and cannot be an eigenstate.
Such scattering of excitons from each other is due to the cou-
plings between pigments that communicate the presence of
one exciton to the other. Mukamel et al. have shown that the
strength of such interactions depend, at least in part, on the
two-level (anharmonic) nature of the electronic energy lev-
els of each pigment, which cannot accommodate independent
overlapping excitations.13, 17 The model can be extended to
three- and many-level pigments.13, 17 However, in most theo-
retical works on photosynthetic PPCs, the pigments are mod-
eled as two-level systems.

Although the states |ep, eq〉 are not eigenstates, they may
be used as a basis set for expanding the two-exciton eigen-
states | fk〉:18

| fk〉 =
q≥p∑
pq

w pq;k |ep, eq〉, (8)

where, in general, many terms in the summation are required
to describe | fk〉. Equations (7) and (8) are the pigment ba-
sis and one-exciton basis representations of the two-exciton
states, respectively. In the following, we will show that this
mixed nature of the two-exciton states is also manifested in
the transition dipole moments between the one- and two-
exciton manifolds.

The spectroscopically relevant quantities are the transi-
tion dipole matrix elements between the ground, one-, and
two-exciton states. The transition dipole operator is a sum
over excitations and de-excitations of all pigments weighted
by the transition dipole moment of a single pigment dm :

μ̂ =
∑

m

dm(a†
m + am). (9)

The transition dipole matrix element between the ground and
one-exciton states is given by

〈e j |μ̂|0〉 =
N∑

m=1

U−1
jm dm, (10)

which is simply a vector sum over all pigment transition
dipoles dm with the coefficients of the exciton |e j 〉. The transi-
tion dipole matrix elements between the one- and two-exciton
states are given by

〈 fk |μ̂|e j 〉 =
N−1∑
m=1

N∑
n=m+1

v (k)
mn

(
U−1

jn dm + U−1
jm dn

)
. (11)

It is easier to understand this quantity if we consider the ac-
tion of the creation operator part of μ̂ on the single-exciton

state |e j 〉
∑

m

dma†
m |e j 〉 =

m �=n∑
m,n

dmU−1
jn |m, n〉. (12)

This state is a sum over all pigment-pair excitations where at
least one of the pigments in each pair is part of exciton |e j 〉
weighted by the coefficients U−1

jn . For example, when |e j 〉 is
mostly localized in one region of a complex, pigment-pair ex-
citations where both pigments are outside that region cannot
be generated via Eq. (12). Otherwise said, the action of the
dipole operator on state |e j 〉 generates all two-exciton states
that retain the character of |e j 〉. Equation (11) shows the over-
lap of a particular two-exciton state | fk〉 with this summation.
Consequently, the transition dipole matrix element 〈 fk |μ̂|e j 〉
is only non-zero, if the state | fk〉 shares character with exciton
|e j 〉.

To clarify this further, we consider two model systems
each composed of three interacting pigments. The two mod-
els demonstrate the effects of exciton-exciton overlap on the
character of the two-exciton eigenstates. In the first model
system, pigments 1 and 2 are strongly bound to each other,
but weakly bound to pigment 3. The coefficients U−1

jm and v (k)
mn

for the three one-exciton and three two-exciton eigenstates are
shown in Fig. 1. As expected, the weakly coupled pigment
gives rise to a single-exciton state |e1〉 that is almost com-
pletely localized on pigment 3. The other two single excitons
|e2〉 and |e3〉 are mostly delocalized as out-of-phase and in-
phase excitations of pigments 1 and 2. The two-exciton eigen-
states are shown in Fig. 1(c). The highest energy two-exciton
state is almost completely localized as an excitation of pig-
ment pair |1, 2〉, with no character of pigment 3. The expan-
sion of such a state in the exciton basis (Eq. (8)) will corre-
spond to | f1〉 ≈ |e2e3〉. Similarly, the figure suggests that the
other two-exciton states are primarily composed of two single
excitons, i.e., | f1〉 ≈ |e1e2〉 and | f2〉 ≈ |e1e3〉. The character
of two-exciton states is more evidently seen in the transition
dipole matrix elements 〈 fk |μ̂|e j 〉 shown in Fig. 1(d). The low-
est energy two-exciton eigenstate | f1〉 has a transition dipole
moment to only exciton |e1〉 and |e2〉. Consequently, the
state | f1〉 may be accessed by exciting |e1〉 and |e2〉, which
for the most part, do not interact with each other. Similarly,
the state | f1〉 may only be de-excited via removal of either
exciton |e1〉 or |e2〉.

In contrast, in model system 2, all three pigments are
strongly bound to each other (Fig. 2). The one- and two-
exciton states are more delocalized over the pigments as seen
in Figs. 2(b) and 2(c). The contributions of single excitons
to the two-exciton states are easily evident in the transi-
tion dipole matrix elements between them (Fig. 2(d)). Each
one of the two-exciton eigenstates has a non-zero transition
dipole moment to all of the three single excitons. For example,
once eigenstate | f1〉 is prepared, de-excitation to any of the
three single-exciton states is possible. In Sec. III, we shall ex-
plain the relevance of such mixed nature of two-exciton states
in optical frequency generation.

We also note that inverse participation ratio may be
used as a descriptor of the delocalization of the two-
exciton states in terms of one-exciton states.18 An analogous
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FIG. 1. (a) A three-pigment model system with one weakly coupled pig-
ment. All energies are in cm−1 and the pigment energies are relative to 12 550
cm−1. (b) The one-exciton eigenstates represented in the one-pigment ex-
citation basis (the coefficients U−1

jm in Eq. (6)). |e1〉 is primarily localized
on pigment 3, while |e2〉 and |e3〉 represent delocalized out-of-phase and in-
phase excitations of pigments 1 and 2. (c) The two-exciton eigenstates rep-
resented in the two-pigment excitation basis (the coefficients v (k)

mn in Eq. (7)).
The character of two-exciton states in terms of single excitons can be seen
in this representation. For example, | f1〉 shares character with |e1〉 and |e2〉.
(d) The transition dipole moment between the two- and one-exciton states
represented as circles. The character of the two-exciton states in terms of sin-
gle excitons is much easier to discern (e.g., | f1〉 ≈ |e1e2〉). Each two-exciton
state is primarily composed of two single excitons.

quantity may be constructed by summing the squares of the
transition dipole moments between a two-exciton state and
all one-exciton states.

We summarize this section by stating that exciton-exciton
interactions arise due to the overlap of excitons in the com-
plex. In the presence of overlap, the two-exciton eigenstates
can no longer be described as two independent single exci-
tons, and acquire the character of many single-exciton pairs.
Consequently, the two-exciton eigenstates acquire non-zero
transition dipole moments to all single excitons with which
they share character.

III. NONLINEAR FREQUENCY GENERATION
MEDIATED BY TWO-EXCITON STATES

An experimental signature of the mixed character of the
two-exciton states is nonlinear frequency generation in a four-
wave-mixing (FWM) experiment. In this section, we first ex-
plain the concept of frequency generation in a three-pigment
system, using a representative FWM pathway. Then, we dis-
cuss all FWM pathways that involve the two-exciton states,
and show simulation results for frequency generation using
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FIG. 2. (a) A three-pigment model system similar to Fig. 1, but with strongly
bound pigment 3. The one-exciton (b) and two-exciton wavefunctions (c) are
more delocalized over all three pigments. (d) The transition dipole moment
between the two- and one-exciton states reveals that each one of the two-
exciton exciton states shares character with all three single excitons. Such
shared character of the two-exciton states is manifested in nonlinear fre-
quency generation as explained in the text.

realistic laser bandwidths for the two model systems de-
scribed in Sec. II.

Figure 3 shows the energy level diagrams for a three-
pigment system similar to the ones discussed in Sec. II.
We consider two optical excitations at frequencies −ω1 and
−ω2, which will promote the system to the two-exciton
state | f3〉, resulting into a coherence between states | f3〉 and
|g〉. Such coherence between a doubly excited state and the
ground state is also known as double quantum coherence.
The transition dipole moments of the two-exciton states with
the single excitons were discussed in Sec. II. For the case
of strongly overlapping excitons, the mixed character of | f3〉
allows transitions to all single-exciton sates. Consequently,
an optical interaction with frequency +ω3 can de-excite the
complex to the single-exciton state |e1〉 as shown in Fig. 3.
When exciton |e1〉 is weakly interacting with |e2〉 and |e3〉,
the transition dipole moment 〈 f3|μ̂|e1〉 becomes vanishingly
small, and this process becomes impossible (Fig. 3(c)).

If all three interactions, −ω1 ,−ω2, and +ω3 are derived
from beams with spatially distinct directions, the frequency-
shifted signal can be isolated in a phase-matched direction,
as is commonly done in many other FWM techniques. The
frequency-shifted signal can be easily isolated from other
FWM phase-matched signals using simple optical elements
such as an interference filter.

The FWM signal discussed so far corresponds to one pos-
sible time ordering of optical interactions. Many orderings
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FIG. 3. (a) A representative FWM pathway that leads to frequency gen-
eration in a three-pigment system. Two interactions with optical frequen-
cies −ω1 and −ω2 generates a coherence between the two-exciton state
| f3〉 and the ground state |g〉. Interaction with frequency ω3 de-excites
the system to a single-exciton state |e1〉. The FWM signal at frequency
ωs = −ω1 − ω2 + ω3 is redshifted with respect to all excitation frequen-
cies. The third interaction relies upon the transition dipole matrix element
〈 f3|μ̂|e1〉. (b) In the case of strongly overlapping excitons, the mixed char-
acter of | f3〉 allows a non-zero transition dipole to state |e1〉, making signal
generation possible. (c) When exciton |e1〉 resides on an isolated pigment
such a downward transition is not allowed, as | f3〉 does not share any charac-
ter with |e1〉.

of optical interactions are possible when the excitation pulses
are overlapping in time. In that case, it becomes necessary
to sum over all possible FWM pathways to evaluate the
frequency-shifted signal. In Sec. III A, we discuss evaluation
of frequency-shifted third-order signal from an excitonic sys-
tem.

A. Simulation of the signal for model systems

We consider an experiment where three pulses with
wavevectors k1, k2, and k3 excite the sample. All three pulses
are coincident and have identical temporal profiles. The spec-
tral content of the pulses is prepared such that it is resonant
only with a portion of the linear absorption (single exciton)
spectrum of the sample (Fig. 5). For example, the excitation
pulses can be spectrally filtered such that frequencies resonant
with the lowest energy exciton are removed. The frequency-
shifted signal is measured in the phase-matched direction
−ks = −k1 + k2 + k3 and is detected in the cleared region
of the spectrum, where no excitation frequencies are present.
We employed the nonlinear response function formalism2, 31

to calculate this frequency-shifted signal. Since the pulses are
overlapped in time, we consider all nonlinear response terms
that contribute to the signal in the phase-matched direction:

SR(t3, t2, t1) = R2 + R3 − R∗
1 f , (13)

SN R(t3, t2, t1) = R1 + R4 − R∗
2 f , (14)

SDQC (t3, t2, t1) = R4 f − R∗
3 f , (15)

where SR , SN R , and SDQC refer to the rephasing, non-
rephasing, and double quantum coherence components,2, 25
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FIG. 4. Feynman diagrams for the third-order signal in the −k1 + k2 + k3
direction (Eq. (16)). The SR , SN R , and SDQC terms differ in the temporal
order of the action of the field contributing with negative sign (−k1). Under
pulse overlap where all permutations of time ordering is possible, all of the
above pathways contribute to the signal. However, only the diagrams that in-
volve the two-exciton states (labeled with subscript f ) can lead to frequency
generation outside the excitation bandwidth.

and the subscript f refers to the pathways that involve the
two-exciton states of the complex. They are represented by
the commonly used Feynman diagrams in Fig. 4. These com-
ponents differ in the time ordering of the interaction of the
negative and positive conjugates of the three optical fields
with the sample. Since we have considered three coincident
pulses, all orderings of interactions of the excitation fields are
possible. The nonlinear response in the phase-matched direc-
tion is a sum over all terms:

S(t1, t2, t3) = SR + SN R + SDQC . (16)

In Fig. 4, the pathways R1–R4 have final coherence that
results into signal (eg or e′g) has the same frequency as one
of the excitation fields. Thus, a signal frequency shift is not
expected to occur due to these pathways. In contrast, in path-
ways that involve the two-exciton states, R∗

1 f , R∗
2 f , R∗

3 f , and
R4 f , the emitting coherence frequency need not be the same
as the excitation frequencies. For example, the process dis-
cussed in Fig. 3 corresponds to the R4 f pathway, where the
final coherence e′g has a different frequency from any of the
three excitation fields (that are resonant with coherences ge,
e f , and f e′).

To isolate the effects of the two-exciton states in fre-
quency generation outside the laser excitation spectrum, it
is convenient to add all pathways that go through the two-
exciton states and define

S2exc(t3, t2, t1) = R4 f − R∗
3 f − R∗

2 f − R∗
1 f . (17)

To calculate the nonlinear response functions, we have used
the exciton line-shape functions as outlined in Appendix A.
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The nonlinear polarization that gives rise to the signal is
the result of triple convolution of the appropriate conjugates
of the excitation fields with the response functions.31

P (3)(t) =
∫ ∞

0
dt3

∫ ∞

0
dt2

∫ ∞

0
dt1

×SR(t1, t2, t3)E∗(t − t3)E∗(t − t3 − t2)

×E(t − t3 − t2 − t1) + SN R(t1, t2, t3)E∗(t − t3)

×E(t − t3 − t2)E∗(t − t3 − t2 − t1)

+ SDQC (t1, t2, t3)E(t − t3)E∗(t − t3 − t2)

×E∗(t − t3 − t2 − t1), (18)

where we have considered all three excitation fields to be
temporally identical E(t) = A(t)eiω0t , with envelope A(t) and
carrier frequency ω0. The fields are prepared in the frequency
domain where the frequencies resonant with the lowest energy
exciton are filtered out prior to converting them to the time do-
main format used in Eq. (18). Thus, the time-domain shape of
the spectrally filtered fields and their corresponding overlaps
are taken into account. For calculation of the signal due to
S2exc, the same expression as Eq. (18) was used, where each
term of S2exc was convoluted with the appropriate field conju-
gates. Finally, we transform P (3)(t) to the frequency domain
and look for components that appear in the cleared region of
the spectrum, outside the excitation frequencies.

To demonstrate the role of two-exciton states in creat-
ing frequency-shifted signal, we consider two model systems
similar to the ones discussed in Sec. II. The two model sys-
tems differ in the delocalization of the lowest energy exciton
(Fig. 5). The calculated linear absorption spectra along with
the laser excitation spectra used for simulating the third-order
signal is shown in Fig. 5(b). Spectral profile of the laser exci-
tation is Gaussian corresponding to a transform limited 40 fs
pulse with a center wavelength of 780 nm. The tail of the spec-
trum that overlaps with the lowest energy exciton is filtered
out, making the pulse resonant only with the two higher en-
ergy excitons. Figures 5(c) and 5(f) show the nonlinear signal
calculated based on pathways that involve the two states S2exc

(Eq. (17)). The signal appearing outside the laser excitation
bandwidth at the frequency of the lowest energy exciton is
distinctly larger in the strongly bound pigment. This demon-
strates that the lowest energy exciton has strong overlap with
the other two-excitons, leading to their mutual coupling in the
two-exciton state and the emergence of the frequency-shifted
signal (as discussed earlier). Experimental implementation of
a scheme similar to Fig. 5 is relatively straightforward. The
excitation pulses can be derived from a broadband short pulse
laser source and can be easily filtered out to generate a blank
spectral region for detection of frequency-shifted signal. Prior
to detection, any unwanted signal can be filtered out with a
common edge-pass filter. In Sec. IV, we demonstrate an ex-
perimental implementation of this scheme in a photosynthetic
complex.
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FIG. 5. Calculation of frequency-shifted signal for two models systems. (a)
A trimer, with a weakly bound lowest energy pigment. All energies are in
cm−1, with pigment energies relative to 12 550 cm−1. (b) The linear ab-
sorption spectrum (blue) and the superposed laser excitation pulse (red). (c)
The calculated S2exc signal shows small response outside the laser excitation
band. (d) and (e) The same scenario for a trimer with strongly bound pig-
ments. (f) Frequency generation outside the excitation energy band (peak at
the frequency of the lowest energy pigment) is seen in the calculated S2exc

signal.

IV. EXPERIMENTAL IMPLEMENTATION

In this section, we describe an experimental implementa-
tion of two-exciton mediated frequency shift in the photosyn-
thetic complex FMO. The apparatus used for the experiment
is originally designed for inherently phase-stabilized multidi-
mensional spectroscopy with pulse shaping capability and is
based on the work of Nelson et al. in Refs. 32 and 33. Fig. 6
shows a diagram of the apparatus. An expanded laser beam
was derived from a 250 KHz Ti:sapphire regenerative ampli-
fier (Coherent) and sampled with a mask to generate four par-
allel beams in a square geometry. The beams were directed
to a long focal length (75 cm) 1:1 Keplerian telescope. The
beams emerging from the telescope were directed to a 4-f
pulse shaper with a 1200 g/mm grating, a 13 cm focal length
cylindrical lens, and a two-dimensional liquid crystal on sil-
icon spatial light modulator (SLM) with 792 × 600 pixels
(Hamamatsu). Four horizontal stripes of the SLM are dedi-
cated for phase modulation of the four beams needed for four-
wave-mixing spectroscopies. In this work, the signal was not
heterodyne detected; consequently, only three of those beams
were used. The horizontal axis of the SLM is used for spec-
tral phase application (chirp correction and time delay). To
remove the higher order satellite pulses that result from the
imperfections of the spectral phase profile, a constant phase
grating is simultaneously applied on the vertical axis as ex-
plained in Ref. 33. The first order of diffraction from the ver-
tical grating of the SLM was retrieved by a pick-off mirror,
re-collimated, and focused on the sample with a 10 cm lens.
In a more recent implementation, the beams are sampled af-
ter passing through the 4-f pulse shaper and the telescope for
enhanced spectral resolution on the SLM and better decou-
pling of temporal and spatial phase application. The sample
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FIG. 6. Coherent multidimensional spectroscopy apparatus employed in this
experiment. Four beams are sampled from an expanded laser beam and
guided to a 2D reflective phase modulator based 4-f optical pulse shaper.
The diffracted beams (dotted lines) from the 4-f pulse shaper is retrieved
with a pick-off mirror (not shown), re-collimated and focused on the sample.
The pulse shaper is able to modify the spectral phase and amplitude of the
pulses, leading to temporal pulse shaping. Pulse delays are also executed by
the phase modulator. The nonlinear signal is retrieved in the phase-matched
direction and sent to a spectrometer and spectrally dispersed on a CCD
camera.

was kept at 77 K in a liquid nitrogen cryostat. The signal in
the −k1 + k2 + k3 direction was collected and directed to
a CCD spectrometer. The apparatus was calibrated for accu-
rate phase application and its ability to perform a number of
nonlinear optical experiments such as 2D spectroscopy on gas
phase Rb, laser dyes, 2D spectroscopy on FMO, and 2D-DQC
spectroscopy has been established.

FMO from Chlorobium tepidum was dissolved in a
pH 8.0 buffer solution of 20 mM tris-HCl with 0.1% lau-
ryldimethylamine to prevent aggregation. A glass forming
mixture was prepared by mixing the FMO solution with glyc-
erol (30:70 by volume). The sample was frozen to 77 K in
a 200-μm optical path-length quartz cell in a liquid nitrogen
cryostat. The optical density of sample at 77 K was 0.4 at
805 nm.

For frequency-selective excitations, a bandpass filter was
applied to all beams on the SLM. Such amplitude modula-
tion is possible by blanking the vertical grating on the SLM
for the undesired frequencies (as we only collected the first-
order diffraction of the vertical grating). The pulse energies
delivered to the sample were less than 0.5 nJ/pulse. At the
detection end, we dispersed the emitted signal in the phase-
matched direction −k1 + k2 + k3 onto the CCD of a spec-
trometer and collected the signal outside the bandwidth of the
excitation pulses. We used a Raman longpass filter (Semrock
Optics) immediately after the mask in the phase-matched di-
rection −k1 + k2 + k3 to remove lower order scatter and to
ensure that we only collect the signal outside the excitation
pulse bandwidth.

Figure 7 shows the spectrum of the three excitation pulses
overlaid on the low temperature (77 K) absorption spectrum
of FMO. Previous work19 has shown that the absorption
spectrum of FMO is composed of seven inhomogeneously
broadened excitonic transitions. The prepared pulse spectrum
is expected to have overlapping with at least the three highest
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FIG. 7. (a) The spectrum of excitation pulses (blue) overlaid on the FMO
absorption spectrum (black). (b) The signal emerging in the −k1 + k2 + k3
direction. A longpass filter with cutoff at 815 nm is used to only collect
the frequency-shifted signal. The nonlinear nature of the peak at 817 nm
is shown by comparing with cases when only one of the beams is exciting
the sample. In comparison, incoherent fluorescence from the lowest energy
exciton (at 825 nm) shows linear dependence on the presence of the three
beams.

energy excitons. The detection window covers at least the
two lowest energy excitons of the complex and is determined
by the cutoff wavelength of our longpass filter (815 nm). The
excitation and detection spectral regions are well separated to
avoid spurious light leakage into the detection range. Upon
excitation with three pulses with zero relative delay, the re-
trieved signal shows two distinct peaks. The relatively narrow
peak at 817 nm shows very strong three-beam dependence,
revealing its coherent third-order nonlinear nature. We ascribe
the peak at 826 nm to fluorescence from the lowest energy
exciton. It follows the shape of the lowest energy exciton
with a slight redshift of about 1 nm. Our sample only contains
the FMO complex and not the reaction center where the
excitation is expected to transfer. Consequently, the deposited
energy relaxes to the lowest energy exciton and is eventually
radiated as incoherent fluorescence in all directions. Part of
the fluorescence that coincides with the phase-matched di-
rection is detected on the camera and gives rise to the peak at
826 nm. Since fluorescence can be induced by a single beam,
the peak at 826 nm is mostly the addition of fluorescence
from individual beams, as can be seen in Fig. 7. Since the
powers of the three beams were not identical, the fluorescence
induced by them were not the same. Although, important
in its own right, we are not concerned with the fluorescence
signal in this work. We further studied the dependence of
the peak at 817 nm on the pulse delay. Figure 8 shows that
the signal vanishes within ±100 fs of k3 delay. We note
that this time scale is on the order of the temporal FWHM
width of each pulse and that the signal vanishes outside
pulse overlap. This suggests that the origins of this signal
is due to coherent four-wave mixing and is likely not due
to a delayed relaxation induced effect, such as bath-induced
coherence transfer.34 In Sec. V, we show calculation of
the frequency-shifted signal for FMO for our experimental
conditions.
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FIG. 8. The dependence of the intensity of the peak at 817 nm on the relative
delay of the pulse with wavevector +k3.

V. CALCULATION OF FREQUENCY-SHIFTED
NONLINEAR SIGNAL FOR FMO

We used the procedure outlined in Sec. III A to calculate
the frequency-shifted signal. The FMO Hamiltonian19 and
other parameters of the model are discussed in Appendix A.
The results of the calculations are presented in Fig. 9. The top
panel shows the simulated linear absorption spectrum of FMO
along with a filtered laser excitation spectrum that was used
in the simulations. The laser spectrum used in the simulation
is very similar to the one used in the experiment (Fig. 7(a)).
The nonlinear signal from the pathways in S2exc (Eq. (17))
was calculated as explained in Sec. III A and is shown in
Fig. 9(b). The signal has a peak outside the laser excitation
spectrum near 817 nm, just as observed in the experiment. The
frequency-shifted peak persists in the total signal calculated
based on all components of the response function (Eq. (16))
as shown in Fig. 9(c). Applying a longpass filter to this spec-
trum (similar to the one used in the experiment) produces the
signal shown in Fig. 9(d), which has the same main feature
as in Fig. 7(b). It should be noted again that this model does
not include calculation of fluorescence signal. Consequently,
unlike the experimental signal, the calculated spectrum does
not have a distinct peak at the lowest energy exciton (peak at
826 nm in Fig. 7(b)).
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FIG. 9. Calculation of the frequency-shifted nonlinear signal for FMO. (a)
Simulated linear absorption spectrum of FMO (black) with the laser excita-
tion spectrum (red) used in the calculations. (b) The nonlinear signal based on
the S2exc pathways (Eq. (17)) shows a frequency-shifted peak near 817 nm.
(c) The frequency-shifted peak persists when the signal based on the sum of
all pathways is calculated. (d) The nonlinear signal when a filter similar to
the one used in the experiment (Fig. 7) is applied.
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A. Discussion

In this section, we present the transition dipole moments
between the one- and two-exciton states of FMO as a descrip-
tor of the character of the two-exciton wavefunctions. Similar
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FIG. 11. The magnitude of the transition dipole matrix elements 〈 fk |μ̂|e j 〉
(represented by circles) between the 21 two-exciton states and 7 one-exciton
states of FMO. The sizes follow a log scale for better visualization. The mixed
nature of the two-exciton states allows them to have non-zero transitions ma-
trix elements with more than two single excitons. One-exciton states |e5〉–|e7〉
(and |e4〉 due to inhomogeneous width) can be excited after a single optical
interaction. After two optical interactions, states | f15〉–| f20〉 become accessi-
ble. The mixed nature of these states allows for de-excitation into single ex-
citons in the detection band. The transition dipole matrix elements enclosed
within the red square are responsible for generation of frequency-shifted sig-
nal near 817 nm (Fig. 7).
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have a significant overlap with the excitons in the excitation band, consequently it cannot give rise to frequency-shifted signal.

to the discussion in Sec. III A, we analyze the experimental
and simulated signals in light of the mixed character of the
two-exciton states.

For simplicity, we consider a FWM pathway similar to
the one shown in Fig. 3(a). The one-exciton absorption spec-
trum and the laser excitation spectrum, along with a dia-
grammatic representation of the one- and two-exciton energy
levels are shown in Fig. 10. To illustrate frequency gener-
ation via this pathway, we indicate the lowest and highest
frequency components of the three laser pulses by ωL and
ωH , respectively. The figure demonstrates that two upward
transitions with frequency ωL and one downward transition
with frequency ωH results in a coherence with frequency
ωL + ωL − ωH < ωL , which will emit a signal outside the ex-
citation bandwidth of the lasers. Such frequency generation is
only possible, if all of the transitions shown in Fig. 10 have
non-zero transition matrix elements.

The transition dipole moments between the one- and
two-exciton states are shown in Fig. 11. Two features of
this diagram are noteworthy. First, many two-exciton states
have significant transition dipole moments to more than two
single-exciton states (similar to the case in Fig. 2). Based
on the discussion in Sec. II, it follows that the two-exciton
eigenstates in FMO cannot be simply represented as two
independent single excitons. The proximity of pigments
in FMO causes the two-exciton eigenstates to acquire the
character of many single-exciton pairs. Second, the overall
diagonal spread of the transition dipole moments in Fig. 11
shows a trend in the character of the two-exciton states.

Overall, the higher (lower) energy two-exciton states have
mostly the character of higher (lower) energy single excitons.

The experimental bandwidth of our laser pulses allows
excitation of excitons |e5〉-|e7〉 after one optical interaction
(bracket along the horizontal axis of Fig. 11). Due to the in-
homogeneous distribution of frequencies, excitation of |e4〉 is
also possible. After two-optical interactions, a wider range of
frequencies within the two-exciton manifold become avail-
able. If the lowest (highest) optical frequencies in the laser
pulses are ωL (ωH ), the range of available two-exciton states
is bounded by 2ωL and 2ωH . The two-exciton states that are
accessible after two optical interactions with our experimen-
tal laser pulses are indicated along the vertical axis in Fig. 11.
It is seen from the figure that the two-exciton states | f15〉-
| f20〉 that are accessed after two interactions, also have non-
zero transition dipole moments with the single-exciton state
|e2〉, indicated by the red box in Fig. 11. This allows for their
de-excitation into state |e2〉, resulting in emission of signal in
the detection band near 817 nm (Fig. 7). Emergence of the
frequency-shifted signal provides a direct read-out of the de-
composition of the two-exciton states in terms of single exci-
tons. It should be noted that due to the cutoff frequency of the
longpass filter used in our experiment, the projection of the
accessed two-exciton states | f15〉-| f20〉 on to the single exci-
tons |e3〉 and |e4〉 were not observed. Similarly, the (relatively
small) projection of the accessed two-exciton states onto the
|e1〉 is not resonantly accessible in our experiment, as the fre-
quency ω3 needed for de-exciting the accessed two-exciton
states to |e1〉 is not contained in the excitation pulses.
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This read-out of the character of the two-exciton states
can be used to map the spatial overlap of excitons. The
emergence of a strong signal at the frequency of exciton
|e2〉 indicates a strong overlap between excitons |e5〉-|e7〉 and
|e2〉. Similarly, the lack of a strong nonlinear signal at the
frequency of exciton |e1〉 indicates poor overlap of exciton
|e1〉 with excitons |e4〉-|e7〉. Figure 12 shows the one-exciton
wavefunctions of FMO based on its relatively well-known
Hamiltonian (Appendix A). In accordance with this conclu-
sion, the spatial overlap of excitons |e2〉 and the much smaller
overlap of exciton |e1〉 with the excitons in the excitation
range (|e5〉-|e7〉) can be verified in Fig. 12.

A particular utility of the experimental ability to measure
overlap of excited state wavefunctions is to predict relaxation
rates between them. Relaxation of higher energy excitons
to lower energy ones is mediated by the overlap of their
wavefunctions and accompanied with the physiologically
important process of spatial energy transport. The three-
dimensional arrangement of pigments in PPCs gives rise to
spatially delocalized and overlapping excited states to ensure
that a sufficient and often redundant number of energy trans-
fer pathways are available for efficient function of the antenna
complex. Reference 19 studied the relation between the re-
laxation rates and exciton overlaps in FMO. The predicted
relaxation rates from excitons |e4〉, |e5〉, and |e6〉 to the rel-
atively strongly overlapping exciton |e2〉 are 5.38 × 1012s−1,
1.60 × 1012s−1, and 0.22 × 1012s−1, respectively. In contrast,
the predicted relaxation rates from |e4〉, |e5〉, and |e6〉 to
the weakly overlapping exciton |e1〉 are 0.08 × 1012s−1,
0.03 × 1012s−1, and 0.0 × 1012s−1, respectively.19 The large
overlap between excitons |e4〉-|e6〉 in the excitation range and
exciton |e2〉 in the detection range giving rise to the signal in
our work is consistent with this scheme. We anticipate that
measuring exciton overlaps using the method described in
this work will prove helpful for better understanding energy
relaxation pathways and time-scales in excitonic systems.

In a generalized version of this experiment, we propose
scanning of narrower bands of the excitation frequencies for
a higher resolution investigation of the excited state character.
For example, the frequencies of the +k2 and +k3 beams can
be held constant and narrow such that they access only one
two-exciton state. Then, the frequency of the −k1 beam can
be scanned over a range of values to determine the decompo-
sition of that state into its one-exciton components.

VI. CONCLUSION

We have demonstrated a new spectroscopic tool for
elucidating the nature of two-exciton states in Frenkel exciton
systems such as photosynthetic complexes. The wavefunc-
tions of the two-exciton states contain information about
the spatial overlap of single excitons and can be helpful in
identifying coupling strengths and the structural connectivity
of pigments. The method has certain experimental conve-
niences, as it does not rely on time delay and phase retrieval.
Furthermore, the signal is frequency shifted with respect to
the excitation pulses, which makes it background free and
easy to isolate.

We emphasize that the problem of exciton-exciton inter-
action, even in simple systems is not fully understood and re-
quires further research. Effects such as exciton annihilation,
higher order correlations, and contributions of higher excited
states of pigments can complicate the exciton-exciton inter-
action picture. Our method is a new tool for studying such
effects.

The mixed nature of the two-exciton states has been also
described as entanglement of excitons.35 Within that point of
view, any experimental measurement of the mixed character
of the two-exciton states (such as the one described in this
work) points to the entanglement of excitons in the complex.
We also point out that an intuitive description of exciton in-
teractions can be provided in the time domain using exciton
scattering theory and the nonlinear exciton equations.13 The
advantages of such description is more evident in larger sys-
tems. Use of exciton scattering theory may prove useful if this
method is extended to larger systems such as whole photosys-
tems, chlorosomes, and artificial molecular aggregates.
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APPENDIX A: CALCULATION OF THE NONLINEAR
RESPONSE FUNCTIONS

The third-order nonlinear time-domain response func-
tions for the excitonic systems used in this work were cal-
culated according to Refs. 2 and 31:

R1(t3, t2, t1) =
∑
abc

μgcμcbμbaμag

× exp(−iωabt3 − iωact2 − iωagt1)F1(t3, t2, t1),

(A1)

R2(t3, t2, t1) =
∑
abc

μgcμcbμbaμag

× exp(−iωabt3 − iωact2 − iωgct1)F2(t3, t2, t1),

(A2)

R3(t3, t2, t1) =
∑
abc

μgcμcbμbaμag

× exp(−iωabt3 − iωgbt2 − iωgct1)F3(t3, t2, t1),

(A3)
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R4(t3, t2, t1) =
∑
abc

μgcμcbμbaμag

× exp(−iωcgt3 − iωbgt2 − iωagt1)F4(t3, t2, t1).

(A4)

The subscript g indicates the ground state, and the subscripts
a and c refer to states in one-exciton manifold. For path-
ways that only go through the one-exciton manifold the sub-
script b refers to the ground state. For pathways that involve
the two-exciton manifold the subscript b refers to the two-
exciton manifold. For any two states j and k the transition
dipole matrix element is μ jk and the coherence frequency is
ω jk = ¯−1(E j − Ek).

The functions Fj (t3, t2, t3) are the nonlinear line-shape
functions and are determined by fluctuations of the electronic
states due to their surrounding dissipative baths. Under the
assumption of Gaussian noise for the fluctuations (second cu-
mulant approximation) these functions are:

F1(t3, t2, t1) = exp{−g∗
cc(t2) − g∗

bb(t3) − gaa(t1 + t2 + t3)

−g∗
cb(t2 + t3) + g∗

cb(t2) + g∗
cb(t3))

+gca(t1 + t2) − gca(t1) + g∗
ca(t2 + t3)

−g∗
ca(t3) + gba(t1 + t2 + t3)

−gba(t1 + t2) + g∗
ba(t3)} (A5)

F2(t3, t2, t1) = exp{−g∗
cc(t1 + t2) − g∗

bb(t3) − gaa(t2 + t3)

−g∗
cb(t1 + t2 + t3) + g∗

cb(t1 + t2) + g∗
cb(t3))

+gca(t2) + g∗
ca(t1 + t2 + t3) − g∗

ca(t1)

−g∗
ca(t3) + gba(t2 + t3)

−gba(t2) + g∗
ba(t3)} (A6)

F3(t3, t2, t1) = exp{−g∗
cc(t1) − g∗

bb(t2 + t3) − gaa(t3)

− g∗
cb(t1 + t2 + t3) + g∗

cb(t1) + g∗
cb(t2 + t3))

+ g∗
ca(t1 + t2 + t3) − g∗

ca(t1 + t2)

+ g∗
ca(t2 + t3) + g∗

ca(t2) + gba(t3)

+ g∗
ba(t2 + t3) + g∗

ba(t2)} (A7)

F4(t3, t2, t1) = exp{−gcc(t3) − gbb(t2) − gaa(t1)

− gcb(t2 + t3) + gcb(t2) + gcb(t3))

− gca(t1 + t2 + t3) + gca(t1 + t2)

+ gca(t2 + t3) − gca(t2) − gba(t1 + t2)

+ gba(t1) + gba(t2)} (A8)

where the line-shape function gba(t) is a property of the tran-
sition between states a and b.

gba(t) =
∫ t

0
dτ1

∫ τ1

0
dτ2Cba(τ2). (A9)

Here, Cba(t) is the time-correlation function (TCF) of the
bath-induced fluctuations of energies of states a and b

Cba(t) = 1

¯2
〈Ubg(t)Uag(0)〉B, (A10)

where U jg(t) is the fluctuating part of the energy of state j
relative to the ground state g, and 〈...〉B refers to thermal av-
eraging over all bath coordinates.

First, consider a single pigment coupled to a bath of
quantum harmonic oscillators where the strength of coupling
to a bath mode with frequency ω is given by spectral density
ρ(ω). The single pigment energy fluctuation TCF is

C(t) =
∫ ∞

0
dωρ(ω) coth(¯ωβ/2)ω2 cos ωt

−i
∫ ∞

0
dωρ(ω)ω2 sin ωt. (A11)

The corresponding line-shape function is

g(t) =
∫ ∞

0
dωρ(ω) coth(¯ωβ/2)(1 − cos ωt)

+i
∫ ∞

0
dωρ(ω)(sin ωt − ωt), (A12)

where the bath temperature appears as β = 1/kB T . For ex-
citonic transitions, we assume that the energy fluctuation of
the pigments contributing to the excitons are all identical and
independent of each other (independent and identical bath ap-
proximations). Then, the TCFs for the energy fluctuations of
one-exciton states can be related to the TCF of a single pig-
ment through

〈δ� j (t)δ�k(0)〉B = C(t)
∑

m

U 2
mjU

2
mk, (A13)

where ¯� j is the energy of the j th single-exciton states and
Umj is the coefficient of contribution of the m th pigment in the
j th exciton. Similarly, we write the energy fluctuation TCF for
the two-exciton states as

〈δW j (t)δWk(0)〉B = C(t)
N−1∑
m=1

N∑
n=m+1

(
v ( j)

mn

)2{
P (k)

m + P (k)
n

}
,

(A14)
where the auxiliary quantity P (k)

m is

P (k)
m =

m−1∑
j=1

(
v (k)

jm

)2 +
N∑

j=m+1

(
v (k)

mj

)2
. (A15)

The cross-correlation functions for the one- and two-exciton
states are given by

〈δ� j (t)δWk(0)〉B = C(t)
N∑

m=1

U 2
mj P (k)

m . (A16)

Equations (A5)–(A16) relate the energy fluctuations of
a single pigment to the line-shape of nonlinear response
functions.

For energy fluctuations of a single pigment, we assume a
bath of quantum harmonic oscillators with an ohmic spectral
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density

ρ(ω) =
(

λ

¯

)
1

ωωc
exp

(
− ω

ωc

)
, (A17)

where the re-organization energy λ is the integrated strength
of coupling to the bath, and the cutoff frequency ωc deter-
mines the time-scale of fluctuations. The very slow (inhomo-
geneous) fluctuations of the energy levels cannot be conve-
niently captured by the above spectral density. To account
for the inhomogeneous component of the line-shape, we have
added a Gaussian decay component to the line-shape func-
tions of a single pigment (Eq. (A12)).

For FMO, the directions of transition dipole moments of
pigments were found from the available structure of FMO in
the Protein Data Bank and published in Ref. 24. This study
shows that in some sample preparations of FMO, a loosely
bound eighth chlorophyll may be incorporated with the FMO
protein. We have used the previously established FMO model
with seven pigments, as we were not sure whether the eighth
pigment has been retained in our sample. The magnitudes of
all pigment transition dipole moments were assumed to be
the same. The coupled pigment Hamiltonian used for FMO is
from Ref. 19:

Ĥ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

280 −106 8 −5 6 −8 −4

−106 420 28 6 2 13 1

8 28 0 −62 −1 −9 17

−5 6 −62 175 −70 −19 −57

6 2 −1 −70 320 65 −2

−8 13 −9 −19 65 360 32

−4 1 17 −57 −2 32 260

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(A18)

Here, all diagonal energies are relative to 12130 cm−1 and the
coupling strength of pigments 5 and 6 has been adjusted from
40 cm−1 to 65 cm−1. We used the spectral density parame-
ters ωc = 50 cm−1 and λ = 35 cm−1 . The inhomogeneous
distribution of energies of pigments 1–7 were assumed to be
200, 200, 5, 150, 120, 150, and 150 cm−1, respectively. A
calculated linear absorption spectrum based on these parame-
ters showed reasonable match to the experimental absorption
spectrum. For the model systems in Sec. III A, the pigment
dipole directions were chosen to be in the same plane, with
45◦ angle with respect to each other. In all simulations, the
highly oscillatory components of the response functions were
slowed down by subtracting a constant reference frequency
ωre f (2ωre f ) from all one-exciton (two-exciton) state energies
for better numerical sampling.
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28A. Nemeth, F. Milota, T. Mančal, T. Pullerits, J. Sperling, J. Hauer,

H. Kauffmann, and N. Christensson, J. Chem. Phys. 133, 094505 (2010).
29H. Lee, S. Cheon, and M. Cho, J. Chem. Phys. 132, 225102 (2010).
30D. Abramavicius, B. Palmieri, D. Voronine, F. Sanda, and S. Mukamel,

Chem. Rev. 109, 2350 (2009).
31S. Mukamel, Principles of Nonlinear Optical Spectroscopy (Oxford Uni-

versity Press, USA, 1995).
32K. Gundogdu, K. Stone, D. Turner, and K. Nelson, Chem. Phys. 341, 89

(2007).
33J. Vaughan, T. Hornung, T. Feurer, and K. Nelson, Opt. Lett. 30, 323

(2005).
34A. Pakoulev, M. Rickard, N. Mathew, K. Kornau, and J. Wright, J. Phys.

Chem. A 112, 6320 (2008).
35S. Mukamel, J. Chem. Phys. 132, 241105 (2010).

Downloaded 27 Sep 2011 to 128.32.208.153. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1146/annurev.physchem.54.011002.103907
http://dx.doi.org/10.1063/1.1776112
http://dx.doi.org/10.1038/nature03429
http://dx.doi.org/10.1038/nature05678
http://dx.doi.org/10.1038/nature08811
http://dx.doi.org/10.1038/nature08811
http://dx.doi.org/10.1021/jp908300c
http://dx.doi.org/10.1126/science.1142188
http://dx.doi.org/10.1073/pnas.1005484107
http://dx.doi.org/10.1021/jp106713q
http://dx.doi.org/10.1063/1.3457378
http://dx.doi.org/10.1021/cr020681b
http://dx.doi.org/10.1126/science.1170274
http://dx.doi.org/10.1126/science.1170274
http://dx.doi.org/10.1126/science.277.5327.781
http://dx.doi.org/10.1073/pnas.0802926105
http://dx.doi.org/10.1073/pnas.0802926105
http://dx.doi.org/10.1021/jp050788d
http://dx.doi.org/10.1021/jp050788d
http://dx.doi.org/10.1038/nphys151
http://dx.doi.org/10.1007/s11120-010-9540-1
http://dx.doi.org/10.1007/s11120-010-9540-1
http://dx.doi.org/10.1021/bi200239k
http://dx.doi.org/10.1007/s11120-009-9430-6
http://dx.doi.org/10.1063/1.2820379
http://dx.doi.org/10.1021/ar9000795
http://dx.doi.org/10.1021/jp907327m
http://dx.doi.org/10.1063/1.3474995
http://dx.doi.org/10.1063/1.3432624
http://dx.doi.org/10.1021/cr800268n
http://dx.doi.org/10.1016/j.chemphys.2007.06.027
http://dx.doi.org/10.1364/OL.30.000323
http://dx.doi.org/10.1021/jp711014h
http://dx.doi.org/10.1021/jp711014h
http://dx.doi.org/10.1063/1.3454657

